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Résumé / Abstract 
 
On présente deux modèles d’aide internationale dans lesquels deux pays avancés s’engagent 
dans un jeu dynamique. Dans le premier modèle, les aides apportent aux donateurs des gains 
moraux. On montre qu’une hausse de la corruption du pays sous-développé peut augmenter 
les aides. Il y a une multiplicité d’équilibres de Nash, qui peuvent être ordonnés sous le critère 
de Pareto. Dans le deuxième modèle, les pays donateurs cessent de donner aussitôt que le 
niveau du développement atteint un but fixé. On montre que l’équilibre de ce modèle implique 
que le flux d’aide devient de plus en plus faible au fur et à mesure que le niveau de 
développement s’approche du but fixé. Les pays avancés donnent plus si le taux de corruption 
augmente. 
 





In this paper, we complement the work of Kemp and Shimomura (2002) by considering the 
case of many donors playing a dynamic non-cooperative game of foreign aid. We consider 
two models. Model 1 deals with the case where donor countries continually feel the warm 
glow of from the act of giving. Model 2 postulates that donors will stop giving aid when a 
target level of development is reached. One of the main results of Model 1 is that there are 
multiple equilibria that can be Pareto ranked. Another interesting result is that an increase in 
the level of corruption in the recipient country will reduce the aid level of the low aid 
equilibrium, but increase that of the high aid equilibrium. In Model 2, the equilibrium 
strategies are non-linear functions of the level of development. The flow of aid falls at a faster 
and faster rate as the target is approached. An increase in corruption will increase the flow of 
aid in this model. 
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In a recent contribution to the theory of foreign aid (i.e., voluntary and unre-
quited international transfer), Kemp and Shimomura (2002) remarked that
the theory rests on two incompatible assumptions: (i) each country is in-
dierent to the wellbeing of other countries, and (ii) voluntary unrequited
international transfers do take place. They therefore proposed a more satis-
factory model that would allow for the possibility that the wellbeing of each
country is inﬂuenced by the wellbeing of other countries, and addressed the
issue of the extent of foreign aid, optimally chosen by the donor1.T h e y
focused on the static case with two countries: a donor and a recipient2.
In this paper, we complement the work of Kemp and Shimomura (2002) by
considering the case of many donors playing a dynamic and non-cooperative
game of foreign aid to a given recipient. In working with a dynamic model,
we are paying tribute to the late Koji Shimomura, who made substantial
contributions to the literature on dierential games, both at the theoretical
level and at the level of applications3. Following Kemp and Shimomura
(2002), we assume that the donors care about the wellbeing of the recipient.
We consider two models. Model 1 deals with the case where donor coun-
tries continually feel the warm glow of from the act of giving. Model 2
postulates that donors will stop giving aid when a target level of develop-
ment is reached. One of the main results of Model 1 is that there are multiple
equilibria that can be Pareto ranked. Another interesting result is that an
1In a complementary piece, Kemp and Shimomura (2003) considered the case of invol-
untary unrequited transfers, e.g., war reparations, under the assumption that the wellbeing
of each country is negatively inﬂuenced by the wellbeing of the other country.
2For a dynamic formulation with a donor and a recipient, see Kemp, Long and Shimo-
mura (1992). That paper did not deal with a dierential game between donors, which is
the subject matter of the present paper.
3See, for example, Shimomura (1991), Kemp, Long and Shimomura (1993, 2001), Long
and Shimomura (1998), Long, Shimomura and Takahashi (1999). For expositions of dif-
ferential games, see Clemhout and Wan (1994), and Dockner et al. (2000).
2increase in the level of corruption in the recipient country will reduce the aid
level of the low aid equilibrium, but increase that of the high aid equilibrium.
In Model 2, the equilibrium strategies are non-linear functions of the level of
development. The ﬂow of aid falls at a faster and faster rate as the target
is approached. An increase in corruption will increase the ﬂow of aid in this
model.
We do not wish to comment on the related empirical literature, except to
mention that Alesina and Weder (2002) found that “Scandinavian countries
(plus Australia) seem to give more to less corrupt governments” while “at
the opposite extreme, more US foreign aid goes to more countries that are
corrupt” (p. 1133-4). They explained this by appealing to historical factors,
which are beyond the scope of our paper. Both in their papers and in ours,
corruption is supposed to happen only in the recipient country. In practice,
corruption can also occur in the donor countries and might even involve
collaboration between o!cials of donor and recipient countries. This is a
topic for future research.
2 Model 1: Aid giving with warm glow
2.1 The game among donors
There are q donor countries, and one recipient country. To keep things sim-
ple, the only state variable in our model is the stock of capital of the recipient
country, which we denote by [(w). Here, capital should be interpreted in a
broad sense. For example, it may be a composite indicator of the country’s
physical and human capital, including health, infrastructure, education sys-
tem and other aspects of human development. Assume that the country’s
gross output is
\ (w)=I([(w))
3where I(0) = 0 and I0([) A 0. A constant fraction v of gross output is
saved. Let Dl(w) be the ﬂow of aid from donor country l, which is supposed
to be used for investment. Assume that corrupt o!cials in the recipient
country siphon o af r a c t i o n(1%l) of this aid, and only the remaining part,
%lDl(w), is used for capital accumulation. (The parameter %l may be dier-
ent for dierent donors, because they may have dierent auditing practices
and therefore impose dierent degrees of deterrence on the potential corrupt




%lDl(w)  [(w) (1)
The parameter A0 represents the rate of depreciation. (One could modify
the transition equation (1) by multiply v to all terms on the right-hand side;
the interpretation would then be slightly dierent, but the main results would
be essntially unchanged.)
Let El(w) denote the donor country l’s net satisfaction level at time w
derived from giving the amount Dl(w)= We assume El(w) consists of two terms.
The ﬁrst term, denoted by Jl(Dl(w)>[(w)), is the satisfaction that the donor
country derives from (a) seeing that the recipient country has accumulated a
stock [(w), and (b) the “warm glow” of giving the amount Dl(w). The second
term, denoted by lDl(w), represents the opportunity cost of giving, namely
the amount of consumption foregone by the donor. Here, l A 0 measures
the foregone domestic consumption for each dollar of aid sent abroad. It is
o f t e na r g u e dt h a tl A 1, because the marginal cost of public funds includes
distortion costs that arise from raising revenues using distorting taxes. In
our model, we only require that l A 0.T h en e ts a t i s f a c t i o ni s
El(w)=Jl(Dl(w)>[(w))  lDl(w)
We assume that Jl(Dl(w)>[(w)) is an increasing function of both arguments.
4We consider a non-cooperative dierential game among the donor coun-
tries. Suppose donor country l knows, in equilibrium, that other donor coun-
tries m (where m 6= l) use a decision rule Dm(w)=!m([(w)), i.e., they use a
stationary feedback strategy that assigns, for each value of the state variable
[, a non-negative amount of aid Dl = !m([).C o u n t r yl then seeks to solve





3lw [Jl(Dl(w)>[(w))  lDl(w)]gw (2)
subject to




where [(0) = [0.
Suppose this optimization problem yields an optimal time path DW
l(=) for
the control variable, and an associated time path [W(=) for the state variable.
Then one can express DW





The function !l(=) is called donor country l’s “best reply” to the q1 decision
rules !m(=)>m6= l.
A Markov-perfect Nash equilibrium4 of this dierential game is an q-tuple
of decision rules, (!1>! 2>===>!q) such that each decision rule is a best reply to
the other q1 decision rules, for all possible initial dates, and any initial level
of the stock. Our task is to investigate whether, under certain assumptions,
there exist one or several Markov-perfect Nash equilibria, and to study their
properties.
4See Docker et al. (2000) for a precise deﬁnition with explanation of Markov-perfect
equilibrium, Long and Sorger (2006) for a brief deﬁnition, and Maskin and Tirole (2001)
for some discussion.
52.2 Analysis
We make the following assumptions on the functions I([) and Jl(Dl>[).
Assumption A0: The function I([) is linear: I([)=u[ where u is
small relative to the rate of discount of the donor countries, so that Av u .
This linearity assumption on the production function of the “poor” coun-
try is borrowed from Tornell and Velasco (1992), Lane and Tornell (1996),
and Tornell and Lane (1999)5. It simpliﬁes the analysis a great deal. The
additional assumption that the inequality Av u holds will be used ensure
that the integral in (2) converges.
Assumption A1: The function Jl is increasing, concave, and homoge-
neous of degree one in (Dl>[).








where l(w)  Dl(w)@[(w). Again, this serves to simplify the analysis. The
role of linear homogeneity in dierential games was explored in detail in Long
and Shimomura (1998), and Long, Shimomura, and Takahashi (1999). For a
recent application using this assumption, see Long and Sorger (2006).









2.2.1 Existence of Markov-perfect Nash equilibria
Suppose player l knows that all other players use a linear stationary Markov-
ian strategy
Dm(w)=m[(w)
5These authors focused on the decisions on rent-extraction by corrupt o!cials of de-
veloping countries, and did not model foreign aid decisions.
6where m is a positive constant. Let #l be the co-state variable for player l’s
optimal control problem. The Hamiltonian of player l is
Kl = Jl(Dl>[)  Dl + #l [(vu   +( q  1)%m)[ + %Dl]
The Hamiltonian is jointly concave in (Dl>[). This ensures that the neces-
sary conditions are also su!cient. The necessary conditions are
CKl
CDl
= JDl(Dl>[)  l + %#l =0
˙ #l = l#l 
CKl
C[
= #l( + l  vu  (q  1)%m)  J[(Dl>[)
The transversality conditions are
lim
w<"#l(w)h
3lw  0, lim
w<"[(w)#l(w)h
3lw =0 (3)
Let l = Dl@[.T h e n JDl(Dl>[)=j0
l(l) and J[(Dl>[)=jl(l) 
lj0
l(l) A 0. The necessary conditions become
j
0
l(l)  l + %#l =0 (4)
˙ #l = #l( + l  vu  (q  1)%m)  [jl(l)  lj
0
l(l)]
Since [ is a “good” stock (i.e., it contributes to the welfare of the donor
country l), we expect the shadow price #l to be positive. The positivity of
#l in turn implies that   j0
l(l) A 0 along an optimal path. This means
that the optimal l(w) exceeds the level that maximizes static satisfaction,
Jl(Dl>[)  Dl. The marginal net current beneﬁt of aid, j0
l(l)  l,i s
thus negative at the optimum. This is because the donor rationally takes
into account the eect of current aid on the recipient’s future level of capital
which contributes to the donor’s future satisfaction.
Let us try a solution where l =constant. The constancy of l implies,




 + l  vu  (q  1)%m




%l (jl(l)  lj0
l(l))
l  [vu +( q  1)%m  ]
(5)
The interpretation of condition (5) is as follows. Suppose l is optimally set
at a constant level. Then a dollar of additional aid would equate the current
net marginal cost, l j0
l(l)> w i t ht h ep r e s e n tv a l u eo ft h ef u t u r es t r e a mo f
marginal beneﬁts, which is the right-hand side of equation (5). This stream
arises from the fact that a dollar of aid will lead to an investment of %,w h i c h
yields a stream of future marginal enjoyment, J[ = jl(l)  lj0
l(l),t o
the donor. Note that the numerator of the right-hand side of equation (5) is
equal to %lJ[, and the denominator is the rate of discount l minus the net
rate of return of the capital stock (the expression inside the square brackets).
The equilibrium l is chosen to equate the current-period net marginal cost
with the present-value of future marginal beneﬁts.
In this sub-section, we focus on the case where all players (donor coun-
tries) have the same functional form for jl(=) and the same values of > and
%. Let us restrict attention to symmetric equilibria, i.e., l = m = W for all




  [vu +( q  1)%  ]
(6)
Since   j0()=# which is positive , and j()  j0() is positive for all
  0, if equation (6) has a ﬁxed point W A 0,i tm u s tb et h ec a s et h a t
A(vu  )+( q  1)%W.
With ˙ [@[ =( vu)+q%W, the transversality conditions (3) are satisﬁed
if A(vu  )+q%W. Thus we restrict our search to  that satisﬁes the
condition
?












8Deﬁne  as the solution of the equation
j
0()= (8)
We are interested only in A , because otherwise the shadow price #
would be negative.
Assumption A3: The marginal cost of public ﬁnance, ,i ss u !ciently
high, such that the following relationship between e  and (as deﬁned by
equations (7) and (8) respectively) is satisﬁed
 ? e 
Now re-write equation (6) as
(  j
0())[}  (q  1)]=j()  j
0() (9)
where } is deﬁned by equation (7).
Proposition 1: Under assumptions A0 to A3, if (+ vu)@% is su!-
ciently great, there exists at least one symmetric Markov-perfect Nash equi-
librium in which all donor countries use a linear strategy Dl = W[,w h e r e
W 5 (> e ).
Proof: Consider equation (9). The left-hand side is the product of two
terms. The ﬁrst term is positive for all A  and is zero at  = .T h e
second term is positive for all ?b  and is zero at  = b .T h e l e f t - h a n d
side is equal to zero at  =  and also at b .O v e rt h ei n t e r v a l(n> b ),t h e
left hand side is positive and is shaped like an inverted U, and the height of
its graph is increasing in }. On the other hand, the right-hand side of (9)
is always positive and is a decreasing function of . It follows that if } is a
su!ciently large positive number, the curve that represents the right-hand
side will intersect the curve that represents the left-hand side at least twice
9over the interval (n> b ), and at least one of these intersections is at some
value W 5 (> e ).
Remark: If Assumption A3 is not satisﬁed, equilibria in linear strategies
may not exist.
2.2.2 Multiplicity of Markov-perfect Nash equilibria in linear strate-
gies
In this sub-section, we investigate further the possible multiplicity of Markov-
perfect Nash equilibria in linear strategies. Note that we do not force coun-
tries to use only linear strategies. (Under certain assumptions, Long and
Shimomura (1998) show that best replies to linear strategies are linear strate-
gies). Let us specialize to the case where q =2and j()=( 1 @) where









? b  = } (10)








Equation (5) becomes, for player 1,










Equation (12) gives player 1’s “best reply correspondence” U1(2) to
player 2’s 2,w h e r e2 5 [0>b ]. Let us consider the graph of M(1),w h i c h
is the inverse map of the correspondence U1(2)= In the space (1> 2),a s1
falls toward (1@)1@(13)  , M(1) approaches minus inﬁnity. For 1 A ,



























Then M0(1) A 0 for 1 5 (>) and M0(1) ? 0 for 1 A .A t 1 = ,










= }   (14)
If }   is su!ciently large, the curve 2 = M(1) intersects the line 45
degree line 2 = 1 at exactly two points, denoted by O and K,w h e r ea t
O>(1>2)=( O> O),a n da tK, (1>2)=( K> K).T h ev a l u e sK and O
are positive solutions of the equation
(  })(





 =0, (A ).( 1 5 )
The points O and K are potential symmetric equilibria6. Let us consider two
cases. In case A, M() ? > so that the peak of the curve 2 = M(1) is
below the 45 degree line 2 = 1.I nc a s eB ,M() A ,s ot h a tt h ep e a ko f
the curve 2 = M(1) is above the 45 degree line 2 = 1.
Case A: M() ? 
It follows from equation (14) that Case A applies if and only if }?2.
There are two subcases. In subcase A1, M() is su!ciently close to  to
ensure that the curve M(1) has two intersections with the 45 degree line,
at K and O where A K A O A . See Figure 1. For both K and
O to be equilibrium values, we require K ? e  = }@2. We will refer to
the point (1> 2)=( O> O) as the “low-aid equilibrium” and to the point
(1>2)=( K> K) as the “high aid equilibrium”.
6Strictly speaking, an equilibrium is a pair of strategies (feedback rules) that are best
replies to each other. Here, since we are dealing with linear strategies, we can aord a
slight abuse of words and refer to a vector (1> 2) as a potential “equilibrium”.
11In subcase A2, M() is su!ciently close to zero, for example because } is
su!ciently small, so that the whole curve M(1) lies below the 45 degree line
for all 1 A , and hence no Nash equilibrium (in linear strategies) exists.
(See Figure 2).
PLEASE PLACE FIGURE 1 HERE
PLEASE PLACE FIGURE 2 HERE
Remark: One might be tempted to say that in Figure 1, the low-aid
equilibrium (1> 2)=( O> O) is “stable” and the high-aid equilibrium
(1>2)=( K> K) as “unstable”, by appealing to the Cournot-type analysis
which is common in economic textbooks. However, such stability considera-
t i o ni sb a s e do ns o m es o r to fm y o p i ca d j u s t m e n tp r o c e s sw h i c hh a sn op l a c e
in game theory.
Case B: M() A . This case applies if and only if }A2.T h e n t h e
curve 2 = M(1) cuts the 45 degree line 2 = 1 at two values of 1,s a yO
and K where
K A A O A 
Figure 3 illustrates Case B.
PLEASE PLACE FIGURE 3 HERE
Proposition 2: In the case of two donor countries, under certain restric-
tions on parameter values, there exist two symmetric equilibria, one with low
aid, and one with high aid. At both equilibria, each country uses a linear
Markov-perfect strategy, D = [.
122.2.3 Numerical examples
Example 1: We set  =1 @2,  =1 , vu =0 ,  =0 =07> and % =0 =01=Then
 =0 =07>}=7 ,  =4 @2 =4 ,  =1? e  =3 =5> and M()=7 4 ? .
(Thus we are in Case A). Equation (15) has two positive roots, O =1 =8412
and K =2 =8629. (This is subcase A1).
The growth rate of the capital stock of the recipient country at the low-aid
equilibrium is
O =( vu  )+2 %O =0 =02O =0 =036824
and that at the high-aid equilibrium is K =0 =02K =0 =057258= The welfare




















Example 2: We set  =1 @2.S e t  =1and } =6 .T h e n  =1?
e  =3 >and M()=64 ? . (Thus we are in Case A).Equation (15) has no
positive roots. (This is subcase A2). Thus there is no Markov-perfect Nash
equilibrium in linear strategies.
2.2.4 Properties of the low aid equilibrium and the high aid equi-
librium
We will refrain from using the words “comparative statics.” But it is still
meaningful to ask: does a lower degree of corruption in the recipient country
13(a higher %) result in a higher position of the low aid equilibrium (along the
45 degree line) and a lower position of the high aid equilibrium? The answer
is in the a!rmative. To prove this, observe that a higher % implies a lower },
which means that the curve M(1) is shifted downwards, therefore O takes
on a higher value than before, and K takes on a lower value than before.
Proposition 3: A lower degree of corruption in the recipient country
is associated with a higher low-aid equilibrium, and with a lower high-aid
equilibrium.
Example 3: Modify Example 1, by reducing } f r o m7t o6 . 7 6 .T h i sm a y
result from vu   =0 ,  =0 =07>=0 =07 and % = @6=76 = 0=01355,w h i c h
means the corruption coe!cient (1  %), is lower than that of Example 1.
Then  =1? e  =3 =38> and M()=6 =76  4 ? . (Thus we are in Case
A). Equation (15) has two positive roots, O =2 =1538 A 1=8412 and K =
2=3541 ? 2=8629=
T h eg r o w t hr a t ea tt h el o w - a i de q u i l i b r i u mi sn o wO =2 %O =0 =058368
and that at the high-aid equilibrium is K =0 =063796, which is higher than
that of example 1. While the recipient country receives a lower K than that
of Example 1, its growth rate is higher, because less aid is siphoned o by
corrupt o!cials.







This is greater than in example 1. The donor disburses more, and the nu-
merator of the expression for ZO is smaller than in Example 1, but the
denominator is also smaller, resulting in higher welfare.







which is again higher than the corresponding one in Example 1.
142.3 Heterogeneous Donor Countries
Let us relax the assumption that donor countries are identical. Suppose
there are two donor countries, 1 and 2, with distinct parameter values. The
reaction correspondence of country 1 is given implicitly by the equation
1  j
0(1)=
%1 [j(1)  1j0(1)]
1  (vu  )  %22

%1 [j(1)  1j0(1)]
1  %22
and that of country 2 by
2  j
0(2)=
%2 [j(2)  2j0(2)]
2  (vu  )  %11

%2 [j(2)  2j0(2)]
2  %11















A similar equation applies to country 2. If the dierences between 1 and
2>% 1 and %2,a n d1 and 2, are not too great, we will have equilibria that
are very close to the symmetric equilibria reported in the preceding section.
For example, if 1 A 2 while other parameters are the same, the curve 2 =
M1(1) will shift up, which means that at both the low-aid equilibrium and
the high-aid equilibrium, country 1 gives less than country 2, i.e., O1 ? O2,
and K2 ? K1.
Example 4: This is a slight departure from Example 1. We increase
1 from 1 to 1.01, while keepng 2 a tt h es a m el e v e l ,1 . W es e t =1 @2,
1 =1 =01, 2 =1 >vu =0 , 1 = 2 =0 =07> and %1 = %2 =0 =01= We require













15Here we have a system of two equations
(2  7)(1=01
s
1  1) + 1 =0
(1  7)(
s
2  1) + 2 =0
There are two admissible equilibria, (1O> 2O)=( 1 =7554>1=8085) and (1K> 2K)=
(2=8944>2=9705). As expected, the country with higher cost of public ﬁnance
gives less aid than the other country, at both the low-aid equilibrium and the
high-aid equilibrium. At the high-aid equilibrium, both countries give more
than in Example 1.
Example 5 (mean-preserving spread): This is another slight depar-
ture from Example 1. We increase 1 to 1=01 and decrease 2 to 0=99,s ot h a t
1 + 2 =2as in Example 1.
Here we have a system of two equations
(2  7)(1=01
s
1  1) + 1 =0
(1  7)(0=99
s
2  1) + 2 =0
There are two admissible equilibria, (1O> 2O)=( 1 =7881>1=8997) and (1K> 2K)=
(2=7839>2=9371). Here, the sum of aids at the low-aid equilibrium is 1O +
2O =3 =6878 A 3=6824. At the high-aid equilibrium, the sum of aids is 5=
721 ? 5=7258. Thus a mean-preserving spread of the l increases the sum of
aids at the low-aid equilibrium, but decreases the sum of aids at the high-aid
equilibrium.
2.4 An extension: status-conscious donors
So far, we have assumed that a donor country’s beneﬁts from aid giving
depend only on its aid amount, and on the stock of capital of the recipient.
It may be argued that donor countries may compare aid levels, and derive
satisfaction from being a more generous giver than the world average. In the
16two-donor countries case, this consideration might be captured by specifying
that the gross beneﬁt function of donor l is no longer the function J(Dl>[)






J(Dl>[) with 0 ??1
where, as before, the function J(Dl>[) is concave, increasing, and homoge-
neous of degree one in (Dl>[). Furthermore, we assume that b J(Dl>D m>[)
is strictly concave in Dl.
In this case, assuming that country m uses a stationary linear feedback






J(Dl>[)  lDl + #l [(vu   + %mm)[ + %lDl]















J(Dl>[)  l + %l#l =0












Let l = Dl@[.T h e n JDl(Dl>[)=j0(l) and J[(Dl>[)=j(l) 













j(l)  l + %#l =0


































[j(l)(1  )  lj0(l)]
 +   vu  %mm
For simplicity, consider the case of identical donor countries, and restrict







(}  )=j()(1  )  j
0() (16)
where }  (  vu + )@% A 0=
Take the case j()=( 1 @). Strict concavity in l requires  + ?1.






















and, since 1    A0,w em u s th a v e?} .I f  is su!ciently small,
and } su!ciently large, the equation (17) has two ﬁxed-points. To consider
a numerical example, let  =1 @2 and @  $.H e r e $ is an index of the









0=5 +( 1+$)} =0
Let us deﬁne | =
s










Since s(0) A 0 and s(4) ? 0, there is a negative root. Since s(4)=4,
the remaining two roots are real if and only if there is some point |A0 such
18that s(|)  0. This happens if } is su!c i e n t l yl a r g e . T h e nw eh a v et w o
positive real roots |O and |K,a n dw ec a nc o m p u t eO = |2
O and K = |2
K.
Provided that min ? O ? K ?} @ 2, these roots are the equilibria we are
looking for.
It is clear from the properties of the polynomial s(|) that, for 0  $,a
small increase in $ will lead to a small increase in O and a small decrease
in K. It follows that, for this example, the higher is the extent of status-
consciousness of the donors, the greater is the sum of aids at the low-aid
equilibrium, and the smaller is the sum of aids at the high-aid equilibrium.
3 Model 2: Foreign Aid with a Development
Target
There are 2 donor countries, and one recipient country. To keep things
simple, the only state variable in our model is the “level of development” of
the recipient country, which we denote by [(w). Assume that when [ = b [,
the recipient country can take o and achieve sustained growth without help
from abroad. The donor countries want the recipient to achieve the target
b [, and the game ends when this target is reached.
Let Dl(w) be the ﬂow of aid from donor country l. We assume that there
is an upper bound on aid, so that 0  Dl(w)  D. Without loss of generality,
we normalize D =1 .
Starting from any [?b [,t h el e v e lo fd e v e l o p m e n t[(w) evolves accord-
ing to the following dynamic law
˙ [ = 1([)D1 + 2([)D2 + $([)D1D2  ([) for 0  [?b [
where l([) A 0 is the eectiveness of country l’s aid. The term $([)  0
represents the interactive eect of the two ﬂows of aids. The function ([)
19represents the depreciation of [. All the functions l(=)>$(=) and (=) are





If country l gives the maximum level of aid, i.e., Dl =1 , while country m
gives nothing, the above dynamic equation becomes
˙ [ = l([)  ([)
We assume that, l([)([) A 0 for all [  0. This means that even if one
donor gives no aid, the recipient’s level of development will grow, provided





Let us turn to the objective of the donors. We assume that, according to
the rules of the game, both donors terminate the aid program whenever the
level of development reaches the take-o level b [ .L e tW denote the time at
which [ reaches b [. The payo of donor l is assumed to be




where fl A 0 i st h ec o s tp e ru n i to fa i d ,a n dNl(=) is the psychological reward
at the end of the program. We normalize this function, so that Nl(0) = 0
and Nl( b [)= b [. Each donor country maximizes its payo Ml, subject to the
dynamic law and the target [(W)= b [, and given that the other donor uses
a feedback strategy Dm(w)=!m([(w)). We look for a Nash equilibrium in
feedback strategies.
It is useful to deﬁne
i1([>D1)  1([)D1 + 2([)!2([)+$([)D1!2([)  ([)
i2([>D2)  1([)!1([)+2([)D2 + $([)D2!1([)  ([)
20Let Yl([) denote the value function of donor l. The solution of donor 1’s
problem must satisfy the following Hamilton-Jacobi-Bellman equation:
(
Y1([)=N1([) if [ = b [
0=m a x D1 [f1D1 + Y 0
1([)i1([>D1)] if 0  [?b [
. (19a)
where 0  D1(w)  1. (Note that the second part of the equation is equivalent
to the condition that the Hamiltonian is equal to zero, a condition that follows
from the fact that each donor is solving a free-time problem, and the discount
rate is zero.)
Similarly, for donor 2,
(
Y2([)=N2([) if [ = b [
0=m a x D2 [f2D2 + Y 0
2([)i2([>D2)] if 0  [?b [
.( 2 0 )





, l =1 >2 (21)










g{, l =1 >2 (22)
Proof:
It is straightforward to verify that the value functions given by equation







Substituting !m(=),a sg i v e nb y( 2 1 ) ,a n dY 0
l (=)> as given by (23), into the
Hamilton-Jacobi-Bellman equation for donor l,i ti se a s yt os e et h a tDl =
!l([) is indeed an optimal control.
21Remark:
(i) The strategy (21) is, in general, non-linear in [. For example, consider




[  b [
i





where l A 0. Then it is easy to see that !
0
l([) ? 0 and !
00
l([) ? 0,t h a ti s ,
as the recipient country’s level of development grows, aid from each donor
falls at a faster and faster rate.
(ii) The equilibrium growth rate of the stock [ is













until b [ is attained.
(iii) An increase in corruption can be represented as a fall in l. It follows
from (21) and (24) that the higher is the level of corruption, the greater is
the ﬂow of aid, and the greater is the growth rate of the stock [ (unless
$([)=0 > in which the growth rate of the stock is independent of the level
of corruption.)
4C o n c l u d i n g R e m a r k s
We have shown that non-cooperative games of foreign aid between donor
countries may have multiple Markov-perfect Nash equilibria. These equilibria
are Pareto rankable, implying the possibility of co-ordination failures, where
the inferior equilibrium may be picked. Even if coordination failures can be
avoided, i.e., the high aid equilibrium is picked, this is still inferior to full
22cooperation (maximization of joint welfare by determining the aid amounts
collectively). A higher degree of corruption can lead to more aid in both
models.
We have restricted consideration to international transfers. Other policies
may be preferable. For example, if the choice is between more aid or more
trade (i.e., lifting barriers to trade), it may turn out that the world would
be better o w i t hm o r et r a d e . T h i sp o i n th a sb e e nr a i s e di nK e m pa n d
Shimomura (1991). Another alternative to foreign aid is the relaxation of
immigration law. For example, as Lance Pritchett (2006) pointed out, “the
industrial world currently transfers something on the order of $70 billion a
year in overseas development assistance...A recent World Bank study has
estimated the beneﬁts of the rich countries allowing just a 3 percent rise in
their labour force through relaxing restrictions. The gains from even this
modest increase to poor-country citizens are $300 billion...The current rich-
country residents (also) beneﬁt from this relaxation.”
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